Geometric Quantum Information Storage Based on Atomic Ensemble 
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Quantum information storage (QIS) is a physical process to write quantum states into a quantum 
memory (QM). We observe that in some general cases the quantum state can be retrieved up to 
a unitary transformation depicted by the non-Abelian Berry's geometric phase factor (holonomy). 
The QIS of photon with this geometric character can be implemented with the symmetric collective 
excitations of a A-atom ensemble, which is adiabatically controlled by a classical light with a small 
detuning 5. The cyclic change of the controlled Rabi frequency fl{t) with period T — ^221 accu- 
mulates additional geometric phases in different components of the final photon state. Then, in a 
purely geometric way the stored state can be decoded from the final state. 



PACS number: 03.65.-w, 03.67.Lx, 42.50.Gy, 31.15.Lc 



An efficient quantum information storage (QIS) re- 
quires a quantum memory (QM), which is a robust infor- 
mation recording system with a decoherence time scale 
much larger than the time scale of information processing 
[1]. With these two time scales the QIS can be under- 
stood as a controlled dynamic process transferring the in- 
formation encoded in quantum states into the QM. When 
one does not process the transferred information in QM 
to test the efficiency of the QM, the readout in QIS is 
implemented by the dynamics retrieving the input quan- 
tum data in the output. Thus the identity of input and 
output implies a cyclic evolution in some sense. On the 
other hand, it is well known that the Berry geometric 
phase factor (BGPF) can occur in an adiabatically cyclic 
evolution [2] . This intuitional consideration motivates us 
to probe the geometric effects in the QIS. 

In this article, we take as an example the atomic en- 
semble based quantum memory [3-5] associated with the 
electromagnetically induced transparency (EIT) effect [6] 
to show that, in the degenerate case, the generalization of 
the idea of the BGPF (or called the non-Abelian Berry's 
holonomy) [7] might make possible in a quantum state 
storage a purely geometric decoding way, which depends 
on neither the state to be stored, nor the dynamic details 
controlling the interaction. Actually, the BGPF and its 
generalizations have attracted considerable attention in 
both experimental and theoretical aspects of quantum 
computing [8-10]. People can take advantage of this 
geometric features to the aim of quantum information 
processing, as the robustness of the BGPF can result in 
a resilience against some kinds of decoherence sources 
[11-13]. 

The original scheme of atomic ensemble based QIS re- 
quires both the quantum probe light and the classical 
control laser to be tuned onto resonance with the two 
Rabi transitions of A-atom respectively [3-5]. A most 
recent protocol for QIS based on the quasi-spin wave ex- 
citation in an "atomic crystal" [14] instead of the atomic 
vapor ensemble also requires the same resonance condi- 
tion to avoid the spatial- motion induced decoherence [15] . 



However, in this article we can prove that, even when 
the classical control laser is not on resonance, the atomic 
ensemble based QIS can still work well. Here the cru- 
cial point is the BGPF occurring in the retrieved output 
states. 

We first describe the general idea of QIS associated 
with the non-Abelian Berry's phase factor (NABPF). Let 
M be a QM possessing a subspace spanned by |M„), n = 
1,2, d, which can store the quantum information of a 
system S with the basis vectors |s„),n = 1,2, The 
controlled interaction Hamiltonian H — H{t) = iJ[R(t)] 
of period T depends on time through the adiabatically 
varying parameters R(t) = {Ri{t), R2{t), Rs{t)). If 
there exists a set of degenerate ground states \En{t)) of 
H interpolating between the initial state |s„) ^\M) and 
the final state |s) (g) |Mn) for each index n and the given 
states \s) and |M), we can define the geometric QIS when 
the NABPF W{t) has a factorization structure. Mathe- 
matically, \En{t)) and W{t) are required to satisfy 



l^n(O)) = |s„) ® \M), |^„(r„0) = \s) <E) |M„) 

\En{T)) = \Sn)^\M), 

W{Tm) = 1 ® Wm, W(T) ^Ws<E)1 



(1) 



at two instances T,„(< T) and T. In fact, writing an 
arbitrary state |s(0)) = J2n 1^") i^t*-* ^iti^ the 
initial state |M) can be realized as a controlled evolution 
from time t = to t = Tm 



Xlc„|s„) (E) \M) 



(2) 



The readout process from M is another controlled evolu- 
tion from time t = T,„ to t = T 

\s) ® Wm J2 ^ ® 1^^) (3) 



These two processes combine into a cyclic evolution with 
the NABPF. Because the factor Ws = Ws[C] is known 
to be geometric |s„) can be easily decoded from |/„) = 
W'slsn) in a purely-geometric way. 
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FIG. 1. A 3-level atom with off-resonance EIT: The probe 
light is resonantly coupled to atomic transition while the con- 
trol light field is coupled to the atomic transitions with the 
same detuning 5. 

Now, we consider an atomic ensemble based implemen- 
tation of the above protocol of geometric QIS for photon. 
Our ensemble consists of N identical 3-level system of A- 
type, which are coupled to two single-mode optical fields 
as shown in Fig. 1. The atomic levels are labelled as 
the ground state \b), the excited state \a) and the meta- 
stable state |c). The atomic transition \a) \b) with 
energy level difference Wab = ~ is resonantly cou- 
pled to a quantized probe light of frequency lu = Uab 
with the coupling coefficient g; and the atomic transition 
I a) — > |c) with energy level difference tOac is driven by 
a classical control field of frequency v ^ ujac with the 
Rabi-frequency ri(t). We suppose that there is a tiny de- 
tuning 5 = uJac — V. Let h = I. Then under the rotating 
wave approximation the interaction Hamiltonian can be 
written as [14] 

Hi = gVNaA'f + fl exp[i(j){t)]S+ + h.c, (4) 

in terms of the symmetrized collective atomic operators 

1 ^ 

N 

5+ = (5_)t, (5) 

where cr^^, = \ is the flip operator of the j'^ atom 

from states \fj,)j to {fi, v = a,b, c); and and a the 
creation and annihilation operators of quantized probe 
light respectively. The coupling coefficients g and f2 are 
real and assumed to be identical for diiTerent atoms in the 
ensemble. Most recently a similar effective Hamiltonian 
was given by us for the case of atomic crystal [14] , with 
the spin-wave type collective atomic operators replacing 
the above symmetrized ones. 

The slight difference between the quantum memory 
models of the on-resonance EIT and the off-resonance 



EIT lies in the slowly changing time-dependent phase 
(j>{t) = 6t. Actually the on-resonance EIT is not a pre- 
requisite for achieving significant group velocity reduc- 
tion [4] and thus the atomic ensemble with off-resonance 
EIT can also be recognized as a QM. More generally, 
the EIT phenomenon can occur even when the frequency 
difference between the probe and control lasers matches 
the two-photo transition between the two lower states 
of the A-type atoms. The theoretical and experimental 
results on significant group- velocity reduction have been 
reported in this case [16,17]. 

Let us first consider dynamic symmetry in the low 
excitation of atomic ensemble with most of N atoms 
staying in the ground state \b) and TV — > cx), which 
was first discovered most recently by us [14] for the 
quasi-spin wave case. Together with the third genera- 
tor S3 = Y.f=ii'^ia - f^cc)/2, S- and S+ generate the 
SU{2) algebra. The commutation relation [A, S+] = C 
of A with the SU{2) generators defines another collective 
operator 

1 ^ 

satisfying the commutation relation [C, S-] = A. As a 
special case of quasi-spin wave excitation with zero vary- 
ing phases, the above two mode symmetrized excitations 
defined by A and C behave as two independent bosons 
since they satisfy [A, A^ = 1 and [C, C^] = 1 in the large 
N limit with the low excitation [18]. The commutation 
relation [SU{2), h^] C of commutators between SU{2) 
algebra and the Hciscnbcrg-Weyl algebra generated by 
A, A\C and implies that the dynamic symmetry of 
evolution governed by H can be depicted by the semi- 
direct product algebra SU {2)®h? . 

Taking the additional phase factor exp[i0] in the above 
effective Hamiltonian into account, we can write down 
the dark(bright)-state polariton (DSP(BSP)) operator 

D = D{e,(t)) = a-cose-C-smee''l', 

B = B{d,(f)) = a- sine + C ■cosOe^'l' (7) 

satisfying the bosonic commutation relations. Here, the 
extent of mixing of photonic and atomic degrees of free- 
dom is controlled by the Rabi frequency ri(i) of the 
atomic transition \a) |c), through the relation 

tan e ^ gy/N/n{t). (8) 

It is easy to check that [Hi, D] = 0. Thus we readly ob- 
tain a family of instantaneous dark-states, i.e. the eigen- 
states of Hi{t) with vanishing eigenvalues 

K{t))^\d„[eA])^^D^''\o) (9) 

V n\ 

where |0) = |0) (g) |b) = |0) (g) \b,b,...,b) represents 
the ground state of the total coupled system with each 



2 



atom in the ground state \b) and the hght field in the 
vacuum state |0). The degenerate dark states \dn{t)) 
{n — 0, 1, 2, ...) span the storage space V(i). 

Now, let us consider the geometric QIS implemented 
by DSP based on the above zero eigenvalue state 
Quantum information is initially encoded as a superposi- 
tion of photonic states |s(0)) — I") '^hils atoms 
are prepared in the ground state. Then the total ini- 
tial state is |$(0)) = E„c„ \n) (g, |b) = EnCn|d„(0)) e 
V{t) for very large 0(0) and gVN/n{0) 0. It follows 
from the quantum adiabatic theorem for degenerate case 
[19,20] that under the adiabatic conditions 

(VP^vTfF)3' (vP^v+7^)3 

the adiabatic evolution of the degenerate system will 
keep itself within the block spanned by those degener- 
ate eigen-states with the same instantaneous eigen- value 
0. This adiabatic condition requires that the detun- 
ing be small enough to forbid the transitions among 
\dn{t)){n = 0,1,2,...). In this circumstance, the corre- 
sponding wave function [$(<)) = X^n c„(<)|d„(i)) is gov- 
erned by the matrix equation [19,20] 

^Cit)=Kit)Cit), (11) 

where the vector C{t) of coefficients and the connection 
matrix K{t) are respectively defined by 

Cit) = (co(t),Ci(i),C2(i),-)^, 

K{t) = (-(d„(t)|atC;„(i)))m,„=0,l,2,.... (12) 

The solution C{t) — W{t) C(0) formally determines a 
time-ordered integral W{t) — Texp{J K{t)dt} as the 
NABPF. 

The non-diagonalized NABPF can mix different in- 
stantaneous eigenstates \dn{t)) to induce a non-Abehan 
gauge structure. Thus in general it is very difficult to ob- 
tain the explicit expression for the NABPF. Fortunately, 
the above NABPF W{t) in our protocol of QIS can be 
Abelianized as a diagonal matrix since we can prove that 
K{t) is diagonal. In fact, by straightforward calculation 
we can address the adiabatic motion equations for DSP 
and BSP: 

D = -{9 +i5sm9cos9) ■ B + i5s\v? 9 ■ D, 

B ^{9 -iS sin 9cos9)- D + iS cos^ 9- B. (13) 

It is then easy to prove that K(t)m,n oc Smn and thus the 
NABPF reduces to a diagonal matrix with the elements 
W(t)mn = ^mn exp{i7„(i)} whcrc the Abelianized Berry 
phase is 

/■* d 

7„(t) = i / {dn{T)\ — \dniT))dT = nj{t) (14) 

Jo dT 



with 7(i) = — /q sin^ Odr.. 

Now with the above expression we can answer the ques- 
tion: what is the geometric nature of this Berry phase for 
the QIS? The geometric nature can readily be seen by in- 
troducing the equivalent parameter space spanned by 

R= (i?i,i?2,i?3) = igVNcos(j),gVNsm(t),n{t)) (15) 

where R = ^/^WT^. When n{t) has the same period 
T = ^ as that of 0, the path R(t) can be imagined as a 
contour C on the cylinder defined by i?J-|-i?2 = g'^N, one 
point of which is attached on the R1 — R2 plane with i?3 = 
(see Fig. 2). Here, we have chosen the coordinate origin 
coincident with R = for the centrifugal vector R. Then 
the dynamic process of QIS with the BGPF implements 
as the parameter r2(i) is adiabatically manipulated. 



^3 i 
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FIG. 2. The topology of the QIS: a closed path in param- 
eter space is attached on the cylinder by Ri + R2 = g^N. 
The writing process is realized by changing the point along 
the path from for a very large value fl{t) at f = to 
{g^/N cos (t>M , g\/N sin^A/jO) at t = Tm; while the readout 
process is realized by changing the point along the path from 
{g\/N cos<j)M , g\/N sin^MjO) to {g\/N ,Q,Q.[t)) inversely. 

As illustrated in Fig. 2, to write the information 
carried by the photonic state [(/s) = '^^Cn \n) into the 
atomic ensemble based memory, we change 17 (t) from a 
very large value in comparison with g^/N at i = to 
zero at i Tm (0 < Tm < T) so that the phase 9 
changes from to ^. Correspondingly, the initial state 
l'J'(O)) = c„ \n) (g) |b) evolves into the state of exci- 
tonic type 

|*(i ^Tm)) =^c„|d„(TM)) 

n 

= |0)®^exp[m7(TM)](-l)"c„|n)c, (16) 

n 

where, |n)c = (l/\/nI)Ct"|b) is a many-atom Dicke state 
[21]. The read-out process with an information process- 
ing, which is quantum mechanically a unitary transfor- 
mation Up{t), can be realized by the manipulation of fl(t) 
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from to a very large value as 9 changes from to -I at 
the instance T = To test the efficiency of the quan- 
tum memory, we can test the output without the middle 
information processing 

= (^c„exp[m7c]|n)) ® |b). (17) 

n 

The result of manipulating il{t) from oo to and then 
from to 00 inversely is to multiply the Fock state of 
probe photon by the Berry topological phases 7„[C] = 
n^[C] : 

where -F (<;/)) = Q.{(j)/5) satisfies the "fixed point condi- 
tions" 

F(0) ^ oo, F{(j)M) ^ 0, F{2tt) ^ oo, (19) 

where (pM = STm- The topological properties of j[C] 
is reflected by the fact that the integrals along differ- 
ent paths on the cylinder through the two fixed points 
{g^/N, 0, oo) and (0, gVN, 0) can span the same solid an- 
gle and thus lead to the same BGPF. The cyclic evolution 
combined by the writing and readout processes is accom- 
panied by the factorized NABPF 

^s{T) = ^exp(zn7[C])|n)ec(n| «)/ (20) 

n 

which is known to be geometric. Therefore, \(p) = 
J2n ^n\n)c can be easily decoded from 

\fn) = Ws\^) = ^c„exp(m7[C])|n)e (21) 

n 

in a purely-geometric way. 

Before concluding this article it is worthy to point out 
that, just as the system of quasi-spin wave collective ex- 
citations proposed most recently by us [14], the present 
atomic ensemble based QM also possesses an instanta- 
neous hidden dynamic symmetry in the large N limit 
with low excitations and thus the extra degenerate eigen- 
states besides the collective dark states. However, we also 
prove that, under the adiabatic conditions, there is no 
mixing among the dark states and the extra degenerate 
eigen-states. That is to say, the adiabatic change of ex- 
ternal parameters does not lead the system to enter into 
the subspace of these extra degenerate eigen-states from 
our memory space. These theoretical results are crucial 
for the protocol of implementing the geometric quantum 
memory. 

In conclusion, we have presented a generalized version 
of QIS by allowing the quantum state to be retrieved up 
to an input-independent unitary transformation depicted 
by the NABPF. Thus, to decode the ideal input state. 



we only need to consider the geometry of the parame- 
ter space determined by the change of parameters. This 
novel geometric property of the QM and the correspond- 
ing QIS is independent of both the state to be stored 
and the dynamic details of interaction control. We also 
demonstrate the physical process of the geometric QIS 
of photon by means of the symmetric collective excita- 
tions of a A-atom ensemble adiabatically controlled by 
an off-resonance classical light with a small detuning. 
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